We present an approach for pricing of illiquid bonds (and bond derivatives) in an arbitrage-free way and consistently with observed prices of liquid bonds. The basic model is a multifactor term structure model with abstract latent factors. The approach is based on stochastic ltering techniques, leading to a continuous update of the distribution of the latent factors on the basis of the information coming from the observations. This allows our model to continuously "track" the real market.
Introduction
The main purpose of this paper is to derive an approach for pricing of illiquid bonds, as well as of bond derivatives, in an arbitrage-free way and consistently with the observed prices of liquid bonds.
The basic model is a multifactor term structure model with abstract factors, that may be viewed as describing the evolution of market fundamentals, but need not have a speci c interpretation. They are considered as latent variables, that are not directly observable, but can be ltered from observations of bond prices or of the yield curve (to this e ect see also the comment in Section 4 of 10] and the Introduction in 1]; an analogous situation, although in a di erent context, appears in 4] ). This will allow our term structure model to continuously "track" the actual market situation.
In section 2 we shall rst de ne a theoretical arbitrage-free term structure model, in which prices and rates are functions of the latent factors. The prices of the liquid bonds, that can actually be observed on the market, are then modeled as their theoretical values corrupted by noise. This setup, described in section 3, can be justi ed as e.g. in 2], 3], 13] on the basis of model misspeci cation, errors of observation (spread), mispricing and thin trading. A further, general argument in favour of considering real observed prices as di ering from the theoretical arbitrage-free values is that (see e.g. 8] and some of the references therein) the constraints imposed by absence of arbitrage are often too strong to reproduce faithfully real observed prices. Finally, since the term structure has to be viewed as in nite-dimensional, for any number of explanatory factors there will always be some residual (in this context see also Sections 5 and 6 in 11]).
The values according to our pricing approach are obtained (see section 3) by computing the conditional expectation of suitably perturbed values of the theoretical prices, given the actual observations of the liquid bond prices. This leads to an arbitrage-free pricing system, where (see Proposition 3.4) the discounted values of the computed prices are martingales with respect to the ltration generated by the observed prices, i.e. with respect to the ltration that represents the actually available information. In addition, this pricing system is consistent with the observed prices in the sense that, for the maturities corresponding to the observed liquid bonds, the prices computed by our pricing system are equal to the actually observed ones.
Since the theoretical prices are functions of the latent factors, the required conditional expectation can be computed on the basis of the conditional distribution of the latent factors, given the observations of the liquid bond prices. This conditional distribution corresponds to the solution of what is called a stochastic ltering problem, where the latent factors form the unobserved state or signal process, whose distribution is continuously updated on the basis of the incoming information due to the observations. This makes stochastic ltering a very powerful tool also for nancial applications. In fact, provided a market model is made exible by parametrizing it with hidden/latent random quantities as are here the abstract factors, the market model can be continuously adjusted to the current information. In section 4 we show how in speci c cases the ltering problem admits an explicit analytic solution that in turn leads to an explicit solution of our pricing approach.
While in the past there were only few nancial applications of ltering techniques, researchers are becoming increasingly aware of the potentialities of these techniques. 21] for a more speci c application to term structure models. The main goal of these latter papers di ers however from our's.
2 The theoretical arbitrage-free factor model Given an underlying ltered probability space ( ; F; F t ; P), where the ltration fF t g is generated by a standard scalar Brownian motion, let x t 2 IR k be a Markov process describing the evolution of the abstract factors in our model. Denote by f(t; T); t T; the instantaneous forward rate with maturity T, contracted at t. More 
with a(t) = a(t; t); A(t; T) = R T t a(t; u)du and, analogously, for b(t); c(t); B(t; T); C(t; T). So far a(t; T); b(t; T); c(t; T) in (1) also appear as parameters in our model and they induce the parametric functions a(t); A(t; T); ; c(t); C(t; T) in (2) . However, in order that our model excludes the possibility of arbitrage, they cannot be chosen arbitrarily. We shall therefore impose on them conditions for absence of arbitrage, that can equivalently be imposed on their integrated variants A(t; T); ; C(t; T) in (2) . We have Proposition 2.1 A su cient condition for the term structure model (1), (2) to be arbitrage-free is that the coe cients A(t; T); B(t; T); C(t; T) in (2) satisfy the system of di erential equations in t C t (t; T) + F 0 C(t; T) + C(t; T)F ? 2C(t; T)DD 0 C(t; T) + c(t) = 0 B t (t; T) + B(t; T)F ? 2B(t; T)DD 0 C(t; T) + b(t) = 0 A t (t; T) + tr (D 0 C(t; T)D) ? (16) (19) On the other hand, being x 0 = 0, from (1) one has f (0; T) = a(0; T) so that A(0; T) = Z T 0 f (0; s) ds (20) Combining (19) with (20) 
from which, di erentiating (under an implicit regularity assumption) with respect to T, and noticing that T > 0 is arbitrary and can thus be replaced by t, we obtain (4).
Remark 2.2 For c(t) const and b(t) = a(t) = 0, our setup, restricted to the short rate, reduces to that in 24] for the case of multi-factor models. In fact, we make some progress, since we consider a representation for the forward rates rather than just the short rate, like in 23] where however only the scalar case is being treated.
Combining (2) and (3) and applying Ito's rule, with an immediate proof we obtain our theoretical arbitrage-free model for the evolution of the prices of zero-coupon bonds, namely Proposition 2.3 Under conditions of absence of arbitrage, the zero-coupon bond prices as represented in (2) satisfy dp(t; T) = p(t; T) r t dt + 0 (t; T)dw t ] (22) where r t is the short rate as in (2) Remark 2.4 As it follows from (22) , our term structure model satis es the principle of absence of arbitrage also in the sense that the zero-coupon bond prices, discounted with respect to the money market account, are (P; F t )?martingales. and thus, discounted with respect to the money market account associated tor , are (P; F t )?martingales satisfying: dp(t; T) =p(t; T) fr(t)dt + 0 (t; T)dw t ? (t; T) ? (t; t)]dv t g (27) Proof: di erentiation of (26) with respect to t yields (27); in fact dp(t; T) =p where we have used the integrated version of condition (24) in the second equality.
We have thus de ned a perturbed price process which still satis es the no arbitrage assumption when discounted with respect to its own riskless asset.
Assume now that on the market one can observe n liquid bond prices for the maturities T 1 < T 2 < < T n . According to the considerations made in the introduction, these real observed bond prices may not necessarily correspond to the theoretical arbitrage-free values associated to r t . Therefore, for the maturities T i (i = 1; 2 ; n) we assume that, instead of p(t; T i ), one observesp(t; T i ) as given in (26 Notice that i (t; t) = 0 for i = 1; :::; n.
Remark 3.2 With the choice of (t; T) as in (28), for each di erent value T i , in (27) we add a perturbation driven by a Wiener process v (i) t and this i-th perturbation only a ectsp(t; T) for T T i ; i = 1; ; n. The structure implied by (27) and (28) is therefore di erent from what one would obtain by adding v t as additional factor, that would a ect the bond prices for all maturities T in the same way.
In addition to observing the liquid bond pricesp(t; T i ), we assume that one can observe also the short rater t (a proxy thereof). The observation ltrationF t is therefore speci ed bỹ F t := fp(s; T i ) ; s t ; i ng fr s ; s tg (29) We can now de ne our arbitrage-free pricing system that is consistent with the real liquid bond price observations. De nition 3.3 According to our pricing system, we de nep(t; T) as: p(t; T) := E np 
That this pricing system is arbitrage-free and consistent with the observed prices follows from Proposition 3.4 The pricesp(t; T), discounted with respect to the money market account associated tor t , are P?martingales, not however with respect to the full ltration F t , but with respect toF t that represents the actually available information.
Furthermore, for T = T i (i = 1; ; n) one hasp(t; T i ) =p(t; T i ).
Proof : The rst statement follows from Lemma 3.1 and the second is obvious. 
The computation of the pricesp(t; T) reduces thus to a ltering problem involving the unobservable state/signal process t and the observations given byp(t; T i ) and r t .
To actually apply the ltering approach, in what follows we shall restrict ourselves to the case of an a ne model, i.e. when in (1) and (2) we have c(t; T) = c(t) = C(t; T) 0.
Notice that our factor model is a multi-factor model. This implies that, although we assume that the short rate satisfying (25) is observable, its observation does not fully determine the values of the latent process t , not even in the a ne case and under the assumption that the model parameter b(t) is known. The ltering problem to be de ned below remains thus meaningful and does not degenerate.
Notice nally that, the fact of having de ned our theoretical factor model in section 2 in terms of the latent abstract factors fx t g, allows us through the pricing formula (30) to fully adapt to the actually observed prices on the market. Our model is thus capable of "tracking" the market.
4 Explicit computation of the pricing formulae
As mentioned in the previous section, in what follows we con ne ourselves to a ne models. The computation of the pricesp(t; T) according to (35) requires the computation of the conditional expectation of t;T ( t ) givenF t , which in turn can be computed on the basis of the conditional distribution of the latent process t , given the observations of the processesr t andp(t; T i ) ; (i = 1; ; n) that generateF t .
Computing this conditional distribution corresponds now to solving the ltering problem for t , given the observations ofr t andp(t; T i ). In the next subsection 4.1 we shall describe the form of the corresponding ltering model, that in the ensuing subsection 4.2 will then be used for the explicit computation ofp(t; T).
The induced ltering problem
Notice that for c(t; T) 0 (c(t) 0; C(t; T) 0) we have from (33) and (23) The degree of di culty of the associated ltering problem clearly depends on the choice of (t; T). An explicit solution can be obtained by choosing (t; T) as in (28), and this is what we shall assume from now on. Notice rst that, with this choice, the above expressions simplify considerably, since we have (t; t) 0, T T (t; T) 0 and ? T (t; t) 0. Letting, furthermore, b(t) b yields also _ b(t) 0. The above ltering model then becomes a classical linear-Gaussian ltering model where the matrix (t) of the coe cients of the observation noises is given by: 
It is well known that, if (t) (t) 0 is non singular, the conditional distribution g( t jF t ) of t , given the observations ofr t andỹ(t; T i ) = logp(t; T i ) for i = 1; :::n, Since (t) is a square matrix, it is non singular if and only if (t) (t) 0 is non singular. Notice also that, without loss of generality, we can restrict ourselves to proving that (t) is non singular for t < T 1 . from which the conclusion follows.
In our a ne model setting, the functions B(t ; T For the computation of the pricing formula (35) we still need an explicit expression for t;T ( t ) de ned in (34). This will be accomplished in the next subsection.
The explicit pricing formula
We shall derive an explicit expression forp(t; T) for the case when (t; T) is chosen according to (28) and b(t) b. Recall We conclude this section with an additional result, which shows that the number of parameters in our model can be considerably reduced without a ecting the main results (see e.g. 20] for details). projection corresponds to the solution of a stochastic ltering problem, that in section 4 is shown to admit an explicit analytic solution in the case of an a ne model, for which one obtains a linear ltering problem. The ltering setup for our model with the latent abstract factors allows to continuously adjust the model to the currently available information; in other words, it allows the model to "track" the market. To obtain a ltering model, we have modeled the dynamics of the real prices by the dynamics of their theoretical values plus additive Gaussian noise. We could also have added a jump-noise component or modeled the factors themselves as jump-di usion processes. This would allow for greater exibility in exchange however for greater model complexity.
We have not discussed the identi cation of the parameters in our model, for which we shall brie y mention here three possibilities (in this context see also Section 3 in 6]). Taking the Bayesian point of view, a rst possibility corresponds to considering the parameters as random variables, whose distribution can be updated jointly with that of the latent factors. A second possibility corresponds to the classical approaches of model calibration : choose the parameters in a way that the computed values for the prices match as closely as possible their observed values. Contrary to the rst alternative, this latter identi cation approach does not allow for an evaluation of the accuracy of the parameter estimates. A third possibility is nally given by likelihoodbased methods (In this context see e.g. also 2], 3], where the likelihood approach is combined with the ltering setup).
To test the e ectiveness of the proposed pricing approach, numerical investigations with real market data are needed and this is the subject of ongoing research.
